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Mechanisms for the suppression of spatiotemporal chaos �STC� in one-dimensional driven drift-wave system
to a spatially regular state by a periodic signal are investigated. In the driving wave coordinate, by transforming
the system to a set of coupled oscillators �modes� moving in a periodic potential, it is found that the modes can
be enslaved one by one through phase synchronization �PS� by the control signal; for some modes frequency-
locking occurs while the other modes display multilooping PS without frequency-locking. Further study of the
linear behavior of the modes shows that the saddle point embedded in the STC is changed to an unstable focus,
which makes it possible for the imperfect PS to change to a perfect functional one, leading to the suppression
of the STC.
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I. INTRODUCTION

Controlling and synchronizing chaos are of great impor-
tance in nature and in technical applications. The growing
interest in this field stems from the pioneering works done by
Ott, Grebogi, and Yorke in 1990 �1� in chaos control, and by
Carroll and Pecora in chaos synchronization �2�. Since then
some techniques for controlling temporal chaos have been
developed that can be divided into two categories: feedback
�3� and nonfeedback method �4�. Recently researchers have
extended these techniques to control spatiotemporal chaos
�STC� �5�, which deserves to be addressed because of its
wide applications in plasma, laser devices, and various
chemical and biological systems.

In recent years, it has been understood that coupling can
synchronize not only periodic, but also chaotic systems. De-
pending on the type and strength of the coupling, several
types of chaotic synchronization can be distinguished. The
strongest one is the complete synchronization when the
states of coupled systems converge, irrespective of the mis-
match in initial conditions �6�. In a wider context, the state of
the driven system is a function of that of the driving one,
which is called generalized synchronization �7�. Among the
forms of chaotic synchronization, phase synchronization
�PS� is a relatively weak one. It describes the identity in the
phases of nonidentical chaotic oscillators, whereas their am-
plitudes may remain chaotic and uncorrelated �8�. It has been
shown to play a crucial role in a wide range of situations
including laser, plasma, fluid and many physiological sys-
tems such as brain function, kidney function, human heart-
beat and respiration �9�. It is worth mentioning that when
external periodic force is applied to a chaotic chemical os-
cillator in the experiments on the electrodissolution of Ni in
sulfuric acid solution, PS occurs with increasing the ampli-
tude of the force �10�. Moreover, PS between oscillators can
be perfect or imperfect; e.g., it is found that when the intrin-
sic time scale is not bounded from above due to an embed-
ded saddle point, coupled oscillators in the Lorenz system
can adjust themselves to imperfect synchronization �11�.

However, the mechanism of controlling chaos and its re-
lation with synchronization are lack of investigation for
space-time dependent systems. Among them, the one-
dimensional drift-wave equation driven by a sinusoidal wave
in plasmas and fluids is a typical nonlinear equation to show
STC. In a previous work �12�, an STC state is suppressed
successfully in the driven one-dimensional drift-wave system
by adding an external periodic signal with proper frequency
and strength. Moreover, by transforming the nonlinear wave
system to a set of coupled oscillators moving in the potential
of the steady wave, the controlling mechanism is regarded
simply as the slaving principle. In this paper, PS between the
oscillators is found in controlling the STC first. Here PS of
two coupled oscillators m, n is defined as ��m,n���m�t�
−�n�t���const, and �m, �n are their phases, respectively �8�.
We will show that two types of responses of the internal
modes to the external periodic signal are observed. For some
modes, the stabilization is through frequency-locking; while
for the other modes, a special kind of PS without frequency-
locking, namely multilooping PS is developed. Furthermore,
it is found that after the control signal is added the original
saddle point embedded in the STC is changed to an unstable
focus. Such property change of the unstable fixed point al-
lows the oscillators with different time scales adjusting to
perfect functional phase synchronization, in contrast to the
imperfect one before the control. These are the ways in
which the internal modes are enslaved by the applied signal
and the STC is suppressed.

II. MODEL

The nonlinear driven-drift wave equation is used as our
model

��

�t
+ a

�3�

�t�x2 + c
��

�x
+ f�

��

�x
= − �� − � sin�x − �t� . �1�

If the right-hand side is zero, the equation is the regularized
long-wave equation or the nonlinear drift wave equation in
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Plasmas �13�. Here the 2� boundary condition, ��x+2� , t�
=��x , t�, is applied. a�0, c, f , and � are fixed parameters.
For � in certain regimes, e.g., �=0.65, �=0.22 as in the
present work, a crisis occurs at a critical �=�c which induces
transition from spatially regular state to STC �14�.

To control the STC, we add a small temporally periodic
signal 	 cos�
t� to the right-hand side of Eq. �1�. If fre-
quency 
 and strength 	 are properly chosen, the STC can
be controlled successfully to a spatially regular state. In the
following, we use 
=0.756, 	=0.1 for the periodic signal.

To study the behaviors of different scales it is helpful to
shift the system to a driver frame with z=x−�t, �= t, in
which the steady wave �0�z� satisfies ��0�z� /��=0. By set-
ting ��z ,��=�0�z�+���z ,��, the perturbation wave ���z ,��
is governed by

�

��
�1 + a

�2

�z2��� = �
�

�z
�1 + a

�2

�z2��� − c
���

�z
− f�0

���

�z

− f��
��0

�z
− f��

���

�z
− ��� + 	 cos�
�� .

�2�

Let us expand �0�z� and ���z ,�� into Fourier modes, respec-
tively,

�0�z� = A0 + lim
N→

	
k=1

N

Ak cos�kz + �k� ,

���z,�� = b0��� + lim
N→

	
k=1

N

bk���cos�kz + �k���� .

Here mode k=0 is included because the control signal
	 cos�
�� is added on k=0. For given parameters, 
Ak ,�k�
can be solved from the equation of the steady wave �0�z�. It
is easy to see that 
Ak ,�k�, or equivalently �0�z�, is a fixed
point in the Fourier space �15�. Substituting the solution of

Ak ,�k�, we get a set of equations for 
bk��� ,�k����,

db0

d�
= − �b0 + 	 cos�
�� ,

dbk

d�
= Nk��� +

fkb0Ak sin��k − �k�
1 − ak2 ,

d�k

d�
= Mk��� −

fk�A0 + b0�
1 − ak2 −

fkb0Ak sin��k − �k�
�1 − ak2�bk

, �3�

where

Nk��� = −
�bk

1 − ak2 +
fk

2�1 − ak2�� 	
l+l�=k

Albl� sin��l + �l� − �k�

+
1

2
blbl� sin��l + �l� − �k�� + 	

l−l�=k

Albl� sin��l
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1

2
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1

2
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�sin�− �l + �l� − �k��� ,

Mk��� = − k� c

1 − ak2 − �� −
fk

2�1 − ak2�bk
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l+l�=k
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1

2
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1
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+ �l� − �k� +
1

2
blbl� cos�− �l + �l� − �k���

�k = 1,2, . . . ,N → � .


bk��� ,�k���� are thus obtained and can be regarded as a set
of coupled oscillators whose motions are influenced by the
steady wave �0�z� as if the latter is a potential �see also Eq.
�2��.

The energy of system �1� is defined by the integral E�t�
= �1/2���0

2��1/2���2�x , t�−a��� /�x�2�dx and, accordingly,
the energy perturbation is �E����E���−E0=	k�Ek, where
E0=E��0� is a constant and �Ek= �1−ak2��Akbk cos��k

−�k� /2+bk
2 /4� is the mode energy of the perturbation wave

���z ,��.

III. TWO TYPES OF PS AFTER CONTROL

In the previous work �16�, it has been shown that before
control in the STC state the mode phases 
�k� evolute with

FIG. 1. Temporal evolution of phases k=1 and 3 with control
signal.

HAIBO SANG AND KAIFEN HE PHYSICAL REVIEW E 76, 036202 �2007�

036202-2



time disorderly, and an on-off collective imperfect PS can be
developed among different spatial scales. After the proper
periodic signal is added, the turbulent state is suppressed to a
regular laminar state, where the motion of the mode phases

�k� look very regular. Two types of PS, that is, PS with and
without frequency-locking, are found according to different
responses of the internal modes to the control signal. For
example, on average, the phases of modes k=1,3 shown in
Fig. 1 are synchronized with the external periodic signal in
terms of frequency-locking. The averaged frequencies �tan-
gencies of the curves in Fig. 1� are equal to that of the ex-
ternal signal respectively, that is, frequency-locking takes
place with the ratio 
̄1 : 
̄3 :
=1:1 :1. For the other modes,
the phases transit gradually from chaotic to quasiperiodic
oscillations and in the asymptotic state the averaged frequen-

cies are all zero, for example 
̄k=2,4=0 as given in Fig. 2. It
seems that these phases are doing nothing more than adjust-
ing with each other to achieve synchronization. Intermittent
phase slips occur frequently before PS is achieved. It is
likely that more phase slips appear when the wave number k
is increased. The phases differences between k=1,3 and k
=2,4 are shown in Fig. 3, from which one can confirm that
PS has been arrived for these modes respectively in the
asymptotic state.

The phase plot �k− �̇k is very helpful for clarifying their
motions in the controlled spatially regular state. For modes
k=1,3 i.e., those modes with frequency-locking, there is
only one loop in the phase plot. However, it is very interest-
ing that for the modes without frequency-locking the phase
plots show multilooping curves as shown in Fig. 4, we there-
fore name this type of PS as multilooping PS. It is a kind of
generalized synchronization �GS�, i.e., a functional relation
exists between the states of the responder and driver �17�.

FIG. 2. Temporal evolution of phases k=2 and 4 with control
signal.

FIG. 3. Temporal evolution of phase differences between k
=1,3 and k=2,4 in the asymptotic state with control signal.

FIG. 4. Phase plots �k� �̇k of k=2, 4, 5, and 6 with control
signal.

FIG. 5. Stable and unstable orbits of embedded saddle point in
�E1

l −�E2
l space without control signal.
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Moreover, it is also found from Fig. 4 that the looping num-
ber increases with the wave number k. In this context, it
would be helpful to study the linear dispersion relation of
undriven drift-wave ��=�= f =0� obtained from Eq. �2�,
where the natural frequency 
k

l = �kc / �1−ak2�−k�� increases
with the wave number k. This fact is in accordance with the
phenomenon that the looping number increases with the
wave number k. But under the action of the dissipation, drift,
nonlinearity and the external periodic signal, the mode fre-
quencies 

k� are adjusted from 

k

l �, no simple relation is
found between the looping number and the wave number k.

IV. PROPERTY CHANGE OF THE UNSTABLE FIXED
POINT IN CONTROLLING THE STC

By omitting the nonlinear term blbl� in Eq. �3�, the evo-
lution of linear modes 
bk

l ��� ,�k
l ���� can be studied, from

which the mechanism of controlling STC can be further
clarified. Here and in the following the superscript l indicates
the linear approximation.

In Ref. �15�, it has been shown that before the control, the
fixed point �0�z� is a saddle one embedded in the STC. For
the convenience of comparison, here we present Fig. 5 show-
ing the evolution of �E1

l and �E2
l with time � in �E1

l −�E2
l

space; here the superscript l indicates that �El is calculated
from 
bk

l ��� ,�k
l ����. They are the two unstable-stable orbits

�UO-SO� of the saddle point, respectively. Due to the saddle-
node instability, the initially small amplitudes 
bk

l �0�� of the
perturbation wave increase exponentially, at the same time
their phases 
�k

l ���� approach constants 
�k
U� and 
�k

S� respec-
tively as shown in Fig. 6 for k=1–4, where one can find the
variations of 
�k

l ���� along �a� the two UO and �b� the two
SO. Obviously, the eigenfrequencies of the modes are all
zero. It is due to the embedded saddle point that the intrinsic
time scale is not bounded from above, and the synchroniza-
tion of coupled oscillators 
bk��� ,�k���� in STC become im-
perfect.

However, the two UO-SO shown in Fig. 5 disappear after
the proper control signal is added. There is only one orbit
convoluting from the fixed point �0,0� in plot �E1

l −�E2
l , as

shown in Fig. 7. Let us turn to Eq. �3� without the nonlinear
terms to study the evolution of mode phases 
�k

l ����. Obvi-
ously, the evolution of k=0 mode is independent of k�0
mode and b0 oscillates periodically with frequency 
. On the
other hand, the equations of 
bk

l ��� ,�k
l ���� �k�0� all depend

on b0 and are affected by the evolution of b0. It is found that
all linear mode phases �k

l ��� oscillate with time, as shown in
Fig. 8 for k=1–4 as an example. Moreover, they are all
frequency-locking to the external control signal with the ra-
tio �
̄k

l � :
=1:2, where 
k
l is the linear frequency of mode k.

Such nonzero eigenfrequency indicates the finite intrinsic
time scales, in contrast to the infinite time scale without the
control. Thus we conclude that the original saddle point em-
bedded in the STC has changed to an unstable focus.

V. DISCUSSION AND CONCLUSION

To understand further the phenomena described above, let
us refer to Ref. �11�, where the mechanism of perfect and

FIG. 6. Linear evolution of �k without control signal.

FIG. 7. Orbit of fixed point in �E1
l −�E2

l space with control
signal.
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imperfect PS in periodically driven Lorenz equation is stud-
ied in terms of unstable periodic orbits. It is pointed out that
in the presence of weak forcing, each periodic orbit can be
viewed as an individual periodically forced oscillator. If the
main Arnold tongues of different periodic orbits of the au-
tonomous system overlap, a domain common to all tongues
will exist. Inside this domain, all periodic motions are locked
to the same ratio by the external force, allowing the occur-
rence of the perfect PS. Just outside the overlap domain,
synchronized motions are interrupted by phase slips, thereby
the imperfect PS occurs. As to our model, the unstable peri-
odic orbits in the STC before control can be regarded as
individual periodical oscillators. When the saddle point is
embedded in STC, these orbits experience the return times
varying in a large range along the Poincare surface. In par-
ticular, if a chaotic orbit goes arbitrarily close to the local
stable manifold of the saddle point, its return time along the
Poincare surface can be arbitrarily high. The domain com-
mon to all tongues may disappear. If two mode phases tend
to deviate from each other, they will be adjusted by phase
slips, thus the imperfect PS occurs. Whereas after the peri-
odic control signal is added, the saddle point is changed to an
unstable focus. Since the frequencies of the orbits are locked
by the external force, the return times of the orbits vary little,

which enable the existence of the domain common to all the
tongues. Accordingly, the modes phases can achieve the gen-
eralized perfect PS.

In summary, it is found that the original saddle point em-
bedded in the spatiotemporal chaos is changed to an unstable
focus when the STC is suppressed by a periodic signal suc-
cessfully. Such property change of the unstable fixed point
allows the possibility of the oscillators with different time
scales adjusting to perfect functional PS, in contrast to the
imperfect one before the control. In the driving frame, two
types of synchronization, frequency-locking, and multiloop-
ing PS are observed among the mode phases. For a few
modes, frequency-locking occurs, whereas for other modes,
multilooping PS occurs without frequency-locking. We find
that if its frequency and intensity are properly chosen, an
external periodic signal can cause the property change of a
fixed point, which plays a crucial role in controlling STC to
spatially regular state.
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FIG. 8. Linear evolution of �k with control signal.
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